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Algebraic analysis
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Vector Loop Approach
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Equations
R2+R3'R4'R|=I]

Real part
acosO; +bcos6; -ccosd,-d=1

Imaginary part
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4Bar Solution Derivation

Isolate 6,
b cosO; = - acosO; + ¢ cosO, + d b sin@, = - a sinB, + ¢ sind,

Square both sides
(b cosB,)? = (- acosO, + ¢ cosO, + d)? (b sinBs)?= (- a sind, + ¢ sind,)?

Add the 2 expressions
b? (cos?O, + sinBs) = (- a cosO, + ¢ cos, + d)2+ (- a sind, + ¢ sind,)?

So this yields (using cos?6; + sin?6; = 1)
b’ = (- a cos6, + ¢ cosO, + d)? + (-a sind, + c sind,)’

MEE34! - Lecture Il: Analytical Linkage Synthesis Slide5of 28 FENLAU




4Bar Solution Derivation

Multiply & combine like terms
b2 = a2+ c2 + d2 — 2ad cos0, + cd cosO, — 2ac cos(0,—0,)

Divide both sides by 2ac
— (— b%+aZ+c2+d?)/2ac + (d/c) cosb, — (d/a) cosB, = — cos(0,—6,)

To simplify, define
Ik, = (d/a)
Ik, = (d/c)
k, = (a2— b2 +c2+d2)/2ac

Yields Freudenstein’s equation
k,cos0, — k,cos0, + k,; = cos(0,— 0,) = cosB,cos0, + sinB,sind,
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4Bar Solution Derivation

Yields Freudenstein's equation
kicosO, - k,cosO; + ks = cosO,cos6, + sinBysinG,

From Trigonometric relations:
sin®, = (2tan(0,/2))/(l + tan’(6,/2))
cosB, = (I - tan? (8,/2))/(l + tan’(,/2))

Substituting  Atan?(6,/2) + B tan(6,/2) + [ = [

where
A = cosB, - k- kycos0,+ ks
B = - Zsin®,
G =k - (ky+ )cosO, + ks
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4Bar Solution Derivation

Solutionof  Atan’ (6,/2) + Btan(6,/2) + [ = [

e
) —Bx(B*- *
tan(&) B+./(B2—4AC) Ve |
2 2A |
B+./(B>—4A AR |
0.=2tan" [ \/(ZA C)J K AN . .
\ 0 3’\\‘ d y ol GCS
\—/\ ?:I'*/”/l;\ Crossed

We have 2 solutions because we have 2 possible linkage
configurations (Dpen and Crossed)
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4Bar Solution Derivation

Solving for 85

Original loop equations
acos0,+bcosO; -ccosO,-d=0 asin®,+bsinB; -csind, =

Isolate 6,
c cos, = a cosd, + b cosOs - d C SinB, = a sind, + b sinB;

Square both sides and add the equations to eliminate 6,
kicosO; - k,cos0, + ks = cos(B; - 65) = cosB,cosO; + sind,sind;

Where

k= (d/a)

k, = (d/b)

ke = (c? - d” - a”- b?)/Zab
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4Bar Solution Derivation

Similarly, we may derive a quadratic equation for tan (65/2)
D tan? (85/2) + E tan(6,/2) + F = [

Where
D = cos®, - k+k,cos0, + ke
E = - ZsinG,
F =k +(k,-)cosB,+ ke
ki =(d/a)
ky = (d/b)
ke = (c? - d? - a”- b?)/Zab
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4Bar Solution Derivation

The solution to the quadratic is

—E+y(E”- TN
2D N A

2D

o 2tan{_ E +./(E? —4DF)]

Again, 2 solutions for open & crossed linkages
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Example

e Link|=2g" Link 3 = 8"
e Link 2= 2" Link 4 = "
« 07=172a"

e [alculate 63 & 64 77
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Example - Solution

To determine 64 & O, first calculate the constants

_ ( /a) = a = length of ik 7
= (d/c) = | 333 b = length of link 5
. = (al -b? +|:2+d2)/23|: (017 c = length of link 4
- (d/b) = d = length of link /
= (c? -d? 52 b%)/2ab = -1.463

A = cosB, - k- k,cos0,+ ks = - [.663
B = - Zsin@, = - 1.332

[ =k - (ky+ I)cosB, + ks = 2.013

D = cos6, - k + k,cos6, + ke = -2.04a
E = - Zsin@, = -1.332

F=k + (k- )cosO, + ke = 0137
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Example - Solution

The solution of @, :

4_2tan1£—5i\/(52 _4AC)

oA j= 18.2° or -149.7°

The solution of 6, :

[ —E+,/(E?-4DF)
1
=21 [ D ]=7.5° or -79.0°

MEE34! - Lecture Il: Analytical Linkage Synthesis Shide t40f 26 N TLLAU




Slider-Cranks

Vector Loop Approach
Given:

e Lengths of links 2 & 3
o [Jffset height

Y /93/_\
* Input angle ©, ‘ 0 \\
Find: ) _k w1,
* Length of link | — o |x
e Angle B, 0 ,f;/%\/ - *\"“\’ X
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Slider-Cranks

Vector loop equation R,-Rs-R,-R =0

Projections: (x and y axis)
acosO, - bcosO; - ccosB, - d =
a sinB, - b sinB; - ¢ sinB, = [

Where '~ f93/_},\

3, b and c are known B \

. . Dy :x
0, is given N <

—_ (@) N -
64 - HD & b //”/ Ry

-~ R, ¢
" g 92 _,/'/- *\94
Solution on LR A | \
d = acosO,- b cosO . -
= 8c0s, ; A .

MEES4! - Lecture II: Analytical Linkage Synthesis



Slider-Cranks

Solve for ©4 using the equation (projection on y axis)
a sin, - b sinB; - ¢ sind, = [

Solution (= 90° of sin™)
st configuration

-
\m
LN
'*ct)

. 4( asinfz2—c
@3 =sin 1( j PN
b 2
2" configuration . P« € B
. 4 asin@2—c g % 7 R,
O3, =sIn | — +7 _ R,
b : R 93\/_,/'/ *\94
d = acosO, - bcos6 O ph 1 N
: 3 A X ' :
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Inverted Slider-Cranks

« dliding joint between links 3 @ 4 at point B
e v does not have to be 30°

* All slider-cranks will have at |east one
link whose effective length between joints
will vary as the linkage moves
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Inverted Slider-Cranks

e Vector Loop Approach
e Length of link 3 (b) changes with time

e bis unknown
e 0,is unknown
* O, is unknown

» Relationship between 6, and ©,
93 = 94 ty

+ for an open linkage
- for a crossed linkage
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Inverted Slider-Cranks

Vector loop equation: R, - R; - R, - R, =0

Original loop equations
acosO, - bcosO; - ccos®, -d=1
a sinB, - b sinB; - ¢ sinB, = I

Where a, d and c are known, ©, is given, ©,, 8, and b to be calculated

Use the second equation to solve for b
b = (a sin@, - ¢ sinB,) / sinB;

Substituting into the first equation
a cosO, - ((a sind, - ¢ sinB,)/ sinBs) cosB; - ccosd, - d=10
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Inverted Slider-Cranks

Rearrange equation
a cosO, - ((a sinB, - ¢ sinB,)/ sinB.) cosB; - ccosd, - d=1[

Using: 6,=6,+y
Yields: Psin6, + 0 cos6, +R =1

Where P =asin®, siny + (a cos6, - d) cosy

[ = - asinB,cosy + (a cosB, - d) siny
R=-csiny
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Inverted Slider-Cranks

Using half angles: P sin®, + 0 cosB, + R =
(R - 0) tan? (8,/2) + 2P tan(6,/2) + (L + R) = [

L et S=R-0
T=2P
U=0+R

Solution

0, = Zarctan ((- T (T2 - 4801)9)/25)

This has both open & crossed solutions
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Inverted Slider-Cranks

Having 6, solve for ©;and b

Open configuration
93 = 64 +y
b = (a sin®, - c sinB,) / sinb;

Crossed configuration
0;=6,-v
b = (a sinB, - ¢ sinB,) / sin6;
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Example - Slider Crank

Given:
e LinkZ2=14"
o Link 3 = 4" '

A Offset - d -
Link 2 / fset )

. Dffset =1"
® ez = 45“ 0, ‘ \ Slider position d

Find: 0 & d
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Example - Slider Crank Solution

Use formulas derived before
Ist configuration (crossed) LN
05 =sin 1( A, — Cj ~ _0.14° ‘— e
b Link 2 I‘/‘":‘” 85 Otfet N 6, = 90°

d =acosd, —bcosé, =—3.01in .;{f*f; J Y
Znd configuration (open) 8= lemgth of ik 7

il asing, —c 3 . b = length of link 5
@3, =sIn ( j+7z_180.14 £ = length of lik 4

d =acosd,—bcosd, =4.99in d = length of link/
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Solution

4
d2 = dq=
3.010 4.990
‘I \‘, ‘I ..‘
B { 3(CROSSEDYy "~ A 3 (OPEN) 18
Y o '*—-\—571;\ \ T
G 2 45.000° 179.856° 1.000
0.144° A ‘ ‘ i
r ,L x
Yo, J
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